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We propose a generic protocol to experimentally measure the quantum metric tensor, a funda-
mental geometric property of quantum states. Our method is based on the observation that the
excitation rate of a quantum state directly relates to components of the quantum metric upon ap-
plying a proper time-periodic modulation. We discuss the applicability of this scheme to generic
two-level systems, where the Hamiltonian’s parameters can be externally tuned, and also to the
context of Bloch bands associated with lattice systems. As an illustration, we extract the quantum
metric of the multi-band Hofstadter model. Moreover, we demonstrate how this method can be
used to directly probe the spread functional, a quantity which sets the lower bound on the spread
of Wannier functions and signals phase transitions. Our proposal offers a universal probe for quan-
tum geometry, which could be readily applied in a wide range of physical settings, ranging from
circuit-QED systems to ultracold atomic gases.
The geometry of quantum states is at the heart of
our understanding of diverse physical phenomena [1–
4], ranging from the Aharonov-Bohm effect [5–7] to the
more recent topological states of matter [8–10]. In non-
relativistic quantum mechanics, the geometry of quan-
tum states is typically associated with their parallel
transport over the space spanned by the Hamiltonian’s
parameters [4, 11]. Upon performing a closed loop in this
parameter space, the state can acquire a finite geometric
(Berry) phase [7], which can be attributed to the exis-
tence of a curvature [4, 6]. This so-called Berry curvature,
whose effects were originally identified in the context of
the anomalous Hall effect [12], played a crucial role in the
development of topological band theory [2, 9, 10]. More
recently, the realization of engineered materials [13–15]
allowed for direct measurements of the Berry curvature,
through state tomography [16, 17], interferometry [18],
and transport [19].
Closely related to the Berry curvature is the quan-
tum metric tensor (or Fubini-Study metric), which
is a distinct geometric property of energy eigenstates
that reflects the “distance” between different quantum
states [20–22]. The significance of the quantum met-
ric was recently identified in a wide range of physi-
cal phenomena, including the conductivity in dissipa-
tive systems [23–28], orbital magnetism [29–33], the
superfluid fraction [34–36], quantum information [37–
40], entanglement and many-body properties [41–45], in-
terference in Bloch states [46], Lamb-shift-like energy
shift in excitons [47] and the mathematical construc-
tion of maximally-localized Wannier functions in crys-
tals [22, 48–51]. Despite the importance of the quantum
metric in these various contexts, one still lacks a direct
experimental measurement of this geometric object.
In this paper, we propose a versatile experimental
scheme to extract the components of the quantum metric,
which is applicable to any parameter space. Our proposal
consists in initially preparing the system in an eigenstate
of a given Hamiltonian, and then monitoring the excita-
tion rate upon modulating the Hamiltonian periodically
in time. As shown below, the excitation rate is shown
to be proportional to the quantum metric for suitable
choices of the periodic driving. This protocol is inspired
by previous works connecting absorption properties with
quantum geometry [52–55], and is further motivated by
the recent development of excitation-rates measurements
in shaken atomic gases [56–58].
We first discuss the case where the Hamiltonian de-
pends on a set of parameters, which can be externally
tuned and modulated in time. We consider a generic
two-level system as an example, based on which we nu-
merically demonstrate the applicability of our method.
We then extend the scheme to the case of lattice systems,
where the parameters of the Bloch Hamiltonian are crys-
tal momenta defined in the Brillouin zone. We numeri-
cally validate our method using the multi-band Harper-
Hofstadter model [59, 60] and the two-band Haldane
model [61]. Finally, we show how to measure the “spread
functional”, i.e. the trace of the quantum metric averaged
over the Brillouin zone, which is related to the localiza-
tion of Wannier functions [22], and which was shown to
signal phase transitions [49]. The protocols and exam-
ples discussed in this work are of direct experimental rele-
vance to synthetic quantum systems such as circuit-QED
setups [62] and ultracold atomic gases [16, 58, 63–68].
Introducing the quantum metric. Let us start by con-
sidering a quantum state |λ〉, which depends on a set of
dimensionless parameters λ = (λ1, λ2, · · · , λN ), where N
is the dimension of the parameter space. The quantum
metric gµν(λ) defined in this parameter space originates
from the so-called quantum geometric tensor [25]
χµν(λ) ≡ 〈∂µλ| (1− |λ〉〈λ|) |∂νλ〉, (1)
which defines a gauge-invariant quantity associated with
|λ〉. The tensor χµν can take complex values: the real
part defines the quantum metric gµν(λ) ≡ Re [χµν(λ)],
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2while the imaginary part Im [χµν(λ)] = −Ωµν(λ)/2 is
related to the Berry curvature Ωµν(λ). The quantum
metric is symmetric, gµν(λ) = gνµ(λ), and it provides a
distance [25] between nearby states |λ〉 and |λ+ dλ〉.
General formalism in parameter space. We now con-
sider a Hamiltonian Hˆ(λ) that depends on a set of di-
mensionless parameters λ. The energy eigenstates also
depend on λ, and the quantum metric can be defined
for each of them. We assume that the system is initially
prepared at λ=λ0, and in order to detect the quantum
metric at that point, we modulate one parameter (λ1) as
λ1(t) = λ
0
1 + 2(E/~ω) cos(ωt). (2)
Assuming that the amplitude of the modulation is small,
(E/~ω) 1, we Taylor-expand the Hamiltonian and ob-
tain
Hˆ[λ(t)] = Hˆ(λ0) + ∂λ1Hˆ(λ
0)2(E/~ω) cos(ωt). (3)
At time t=0, the system is assumed to be in the lowest-
energy eigenstate |i〉 of the Hamiltonian, Hˆ(λ0)|i〉=i|i〉.
Then, according to time-dependent perturbation the-
ory [69], the probability of observing the system in an-
other eigenstate |f〉 at time t is given by [71]
nf (ω, t)=
2pit
~
∣∣∣∣ E~ω 〈f |∂λ1Hˆ(λ0)|i〉
∣∣∣∣2δ(f−i−~ω). (4)
In the following, we are interested in the total excitation
rate, which is obtained by summing Eq. (4) over all pos-
sible final states: Γ(ω)≡ (1/t)∑f nf (ω, t). Inspired by
Ref. [53], we now introduce the integrated rate:
Γint ≡
∫
dω Γ(ω) =
2piE2
~2
∑
f
∣∣∣〈f |∂λ1Hˆ(λ0)|i〉∣∣∣2
(f − i)2 . (5)
Using the identity 〈f |∂λ1Hˆ(λ0)|i〉 = −(f − i)〈f |∂λ1i〉,
one eventually obtains the relation between the inte-
grated rate and the diagonal components of the quantum
metric:
Γint =
2piE2
~2
∑
f
|〈f |∂λ1i〉|2 =
2piE2
~2
gλ1λ1(λ
0). (6)
Similarly, one can relate the off-diagonal components of
the quantum metric to the excitation rate Γ, by combin-
ing two sets of measurements, as we now explain. Con-
sider modulating two parameters λ1 and λ2 as
λ1(t) = λ
0
1 + 2(E/~ω) cos(ωt),
λ2(t) = λ
0
2 ± 2(E/~ω) cos(ωt). (7)
The probability of finding the system in a state |f〉 is
n±f (ω, t) =
E2
(~ω)2
∣∣∣〈f |∂λ1Hˆ(λ0)± ∂λ2Hˆ(λ0)|i〉∣∣∣2
× 2pi t
~
δ(f − i − ~ω), (8)
where ± refers to the sign in Eq. (7). In this scenario,
the integrated rate becomes
Γint± ≡ (1/t)
∫
dω
∑
f
n±f (ω, t)
=
2piE2
~2
(
gλ1λ1(λ
0)± 2gλ1λ2(λ0) + gλ2λ2(λ0)
)
.
Then, taking their difference, we obtain
∆Γint = Γint+ − Γint− =
8piE2
~2
gλ1λ2(λ
0), (9)
which relates the differential integrated rate to off-
diagonal elements of the quantum metric [72].
Application to two-level systems. We apply the pro-
posed scheme to a generic two-level system, whose Hamil-
tonian can be parametrized by two parameters (θ, φ),
Hˆ(θ, φ) = H0
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
; (10)
see Refs.[3, 62] for realizations where (θ, φ) can be tuned.
The eigenenergies of the system are ±H0, and the quan-
tum metric is found to be independent of the level [25]
gθθ = 1/4, gφφ = (sin
2 θ)/4, gθφ = 0. (11)
We now numerically explore the validity of the pro-
posed scheme [Eqs. (6) and (9)]. In order to extract
gθθ, we prepare a state in the lower-energy eigenstate
of the Hamiltonian Hˆ(θ0, φ0), and then modulate θ in
time according to θ(t) = θ0+2(E/~ω) cos(ωt). We sim-
ulate the full time-evolution of the driven system and
measure the population in the upper state as a func-
tion of time; repeating this procedure for many values of
the drive frequency ω allows one to evaluate gθθ through
Eq. (6). Similarly, we modulate φ(t) to extract gφφ,
and finally modulate both θ(t) and φ(t) to extract gθφ
[Eqs. (7),(9)]. The results presented in Fig. 1, which
displays the components of the extracted quantum met-
ric as a function of the initial condition θ0 (for a fixed
φ0), show very good agreement between the ideal values
(solid lines) and those extracted from numerical simu-
lations (dots). Slight deviations are attributed to the
finite interval ~ω ∈ [0.5H0, 3.5H0] used to calculate the
integrated rates, and/or to finite observation times.
Application to lattice systems. We now extend the
method to the case of Bloch states, where the rele-
vant parameter space is spanned by crystal momentum.
Since the latter quantity cannot be directly modulated
in time, using an external drive, we now build on the
proposal [53], where a circular shaking of the lattice was
shown to reveal the Berry curvature and Chern number
of a populated Bloch band. To probe the quantum met-
ric, we propose to shake the lattice linearly as [73]
Hˆx(t) = Hˆlattice + 2E cos(ωt)xˆ, (12)
3FIG. 1: Extraction of the quantum metric of the two-level
system (10), using the protocol [Eqs. (6) and (9)]. The numer-
ically extracted values of gθθ (top blue dots), gφφ (middle or-
ange dots), and gθφ (bottom green dots) are plotted together
with their ideal values [Eq. (11)] in full lines. The full-time-
dynamics simulations are performed with the drive amplitude
E= 0.01H0, up to the observation time t= 20~/H0. The re-
quired integral over ω has been calculated using the range
~ω ∈ [0.5H0, 3.5H0], and the discrete step ~δω = 0.05H0. In
all simulations, we set the initial condition φ0=pi/4.
where Hˆlattice is the lattice Hamiltonian of interest and
xˆ is the position operator. For the sake of clarity, we
first assume that the system is initially prepared in a
given Bloch state, |ψini〉=eik0·r|un(k0)〉, where k0 is the
corresponding quasi-momentum and n is the band index.
Considering an initial state in the lowest band 1(k), the
excitation rate upon linear drive [Eq. (12)] is given by
Γxˆ(ω) =
∑
un(k)6=u1(k0)
|〈un(k)|e−ik·rxˆeik0·r|u1(k0)〉|2
× 2pi
~
E2δ(n(k)− 1(k0)− ~ω). (13)
Noting that the position operator is diago-
nal and acts as a derivative in k-space [12],
〈un(k)|e−ik·rxˆeik0·r|u1(k0)〉 = iδk,k0〈un(k)|∂kxu1(k)〉,
and integrating the rate Γxˆ(ω) over ω, we obtain
Γintxˆ ≡
∫
dω Γxˆ(ω) =
2piE2
~2
∑
n 6=1
|〈un(k0)|∂kxu1(k0)〉|2
=
2piE2
~2
g1xx(k
0), (14)
where g1xx is the xx-component of the quantum met-
ric associated with the lowest band. Similarly, the yy-
component is related to the integrated rate upon linear
shaking along the y-direction.
In order to obtain the xy-component of the quantum
geometric tensor, we apply the linear shaking along the
diagonal directions xˆ± yˆ,
Hˆx±y(t) = Hˆlattice + 2E cos(ωt)(xˆ± yˆ), (15)
which results in the integrated rate
Γintxˆ±yˆ =
2pi
~2
E2
(
g1xx(k
0)± 2g1xy(k0) + g1yy(k0)
)
. (16)
Upon taking their difference, we find the relation between
g1xy and the differential integrated rate
∆Γint ≡ Γintxˆ+yˆ − Γintxˆ−yˆ =
8pi
~2
E2g1xy(k
0). (17)
We stress that the relation (17) only involves linearly-
polarized modulations [Eq. (15)], which is in contrast to
analogous Berry-curvature measurements obtained from
circularly-polarized modulations [53]. We also note that
ΣΓint ≡ Γintxˆ+yˆ + Γintxˆ−yˆ =
4pi
~2
E2Tr
[
g1µν(k
0)
]
, (18)
offers a direct probe for the quantum metric trace.
So far, we have assumed that the initial state corre-
sponds to a single eigenstate of the lattice Hamiltonian.
However, the results above directly generalize to the case
where the initial state is made of a superposition of states
in the lowest band, |ψini〉=
∑
k c(k)e
ik·r|u1(k)〉. For in-
stance, upon adding a linear shaking along x [Eq. (12)],
the integrated rate in Eq. (14) is now given by the
weighted average of the quantum metric:
Γintxˆ =
2pi
~
E2
∑
k
|c(k)|2g1xx(k). (19)
A similar relation holds for non-interacting fermions (par-
tially) filling the lowest band, in which case the weight
|c(k)|2 in Eq. (19) should be replaced by the density of
fermions ρ(k) in this band.
Example: Harper-Hofstadter model. We numerically
explore the validity of this method by considering the
Harper-Hofstadter model [59, 60], and setting the flux per
plaquette α=pi/2 as in recent cold-atom experiments [58,
65]. In order to extract g1xx(k
0), around a given quasi-
momentum, we initially prepare a Gaussian wavepacket
of the form ψini(x;k
0) ∝ eik0xx+ik0yy−(x2+y2)/2σ2 , which
we then project unto the lowest band; experimentally,
this would correspond to adiabatically loading a wave-
packet into the lowest (Floquet) band [58], and setting
k0 through Bloch oscillation. Here, σ denotes the spread
of the wavepacket in real space, and the lattice spacing
is unity. As discussed above [Eq. (19)], measuring the in-
tegrated rate Γintxˆ upon linear shaking along x then pro-
vides an estimation of the quantum metric g1xx(k
0), with
a resolution that improves as one reduces the spread 1/σ
in k-space. We have implemented this protocol through
a full-time-dynamics simulation of the driven Harper-
Hofstadter model. The results are shown in Fig. 2, which
displays the quantum metric g1xx(k
0) extracted from the
simulated dynamics and using the relation in Eq. (14).
Here we fixed k0y = pi/4, and measured g
1
xx for various
k0x; see the blue dots in Fig. 2. These numerical results
4are compared to the ideal values of g1xx(k) (solid orange
line), together with the weighted-average of g1xx(k) us-
ing the Gaussian profile (dashed green line). The per-
fect agreement between the numerical simulation and the
weighted-average prediction (19) validates the approach.
As discussed above, the extracted values of g1xx can be
made closer to the ideal theory prediction [Eq. (14)] by
improving the localization of the wavepacket in momen-
tum space.
FIG. 2: The quantum metric g1xx associated with the low-
est band of the Harper-Hofstadter model, with flux α= pi/2
per plaquette, as extracted by linearly shaking the lattice
along x [Eq. (14)]. Dots are extracted values of g1xx, com-
paring numerical dynamics with Eq. (14), the orange line is
the ideal value of g1xx, and the green line is the weighted av-
erage
∑
k |c(k)|2g1xx(k), where |c(k)|2 reflects the Gaussian
profile of the initial wavepacket. The simulations are done on
a lattice of size 45 × 45, up to the final time of t= 10~/|J |,
and the drive strength is E=0.01|J |, where J is the hopping
amplitude. We integrate the rates over ω, using the range
~ω∈ [0.5|J |, 5.5|J |], and a discrete step ~δω=0.05|J |.
Spread functional in the Haldane model. As a final ex-
ample, we show how our protocol can be used to directly
extract the spread functional [22], which characterizes
the localization of Wannier functions in a given Bloch
band. First, recall that the quadratic spread of Wannier
functions is lower-bounded by the trace of the quantum
metric according to [22, 48–50]
〈r2〉 − 〈r〉2 ≥ Tr[gµν(k)] ≡ ΩI, (20)
where Tr[gµν(k)] is the average of gxx + gyy over the
Brillouin zone. As suggested in Eq. (18), the quantity
ΩI could be directly extracted from our protocol upon
filling a given Bloch band uniformly over the Brillouin
zone. Interestingly, this could offer a first experimental
detection of this abstract quantity, which played such a
crucial role in constructing maximally-localized Wannier
functions [22, 48–51].
We demonstrate this scheme by considering the Hal-
dane lattice model [61, 64], which is characterized by the
staggered potential strength M and the second-neighbor
hopping matrix elements ±iJ ′. This model exhibits a
topological phase transition at M = 3
√
3J ′, which is as-
sociated with a change in the Chern number. In order
to access the components g1xx and g
1
yy, we numerically
shake the lattice along the xˆ and yˆ directions, respec-
tively. Furthermore, the average of these components
over the Brillouin zone are readily obtained by prepar-
ing an initial state that is evenly distributed over the
entire lowest band. In our numerical simulations, this
is achieved by considering a state in a single lattice site
and projecting the latter unto the desired band; see [70]
for details. In experiments, the uniform filling is directly
achieved through Pauli statistics.
FIG. 3: Values of the spread functional ΩI, as extracted from
the protocol applied to the shaken Haldane model (dots). The
solid line shows the ideal values of ΩI. The simulations are
done on a lattice with 45× 45 unit cell with J ′ =0.1J , where J
is the nearest-neighbor hopping amplitude. The amplitude of
the modulation is E=0.01J and the simulation is performed
up to the time of t= 10~/J . We integrate the rates over ω,
using the range ~ω ∈ [0.05J, 5.0J ], and a discrete step ~δω=
0.05J .
Figure 3 shows ΩI as extracted from our simulations of
the shaken Haldane model, and compared with their ideal
values (solid line). As noted in Ref. [49], ΩI diverges loga-
rithmically at the topological phase transition, which sig-
nals the crossing through a metallic regime. Away from
this phase transition, we find that the numerical values
ΩI associated with our protocol well capture the behav-
ior of the ideal spread functional. However, the diver-
gent feature of this quantity at the transition is difficult
to probe, which is due to the limitation of the method
when dealing with arbitrarily small frequencies.
We stress that the relation between ΩI and the localiza-
tion of Wannier functions [Eq. (20)] is only meaningful in
the trivial regime (M/3
√
3J ′ > 1); see Ref. [49]. In this
regime, the protocol described above could be used to ex-
perimentally measure the localization of Wannier states,
which could then be used to validate the numerical con-
struction of Wannier functions for systems of interest.
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7Supplemental Material for
“Extracting the quantum metric tensor through periodic driving”
UNIFORM FILLING THROUGH SINGLE-SITE
OCCUPATIONS
In order to measure the average of the quantum met-
ric of a lowest band over the Brillouin zone, we need
to prepare an initial state that is uniformly distributed
over the Brillouin zone. The situation can be straightfor-
wardly realized by considering non-interacting fermions
(which can automatically fill the lowest band according
to Pauli principle). An equivalent situation, which is nu-
merically much less costly to simulate, can be realized by
preparing an initial state that is localized on a single site
in real-space. In this Supplemental Material, we show
the latter approach indeed gives rise to the average of
the quantum metric over the Brillouin zone.
For concreteness, we consider a tight-binding model
with two lattice sites per unit cell, such as the Haldane
model analyzed in the main text. Extension to more
general cases is straightforward. Let us denote the Bloch
state wavefunction in band n with crystal momentum k
as eik·r|un(k)〉. Here, the cell-periodic part of the Bloch
state |un(k)〉 is a vector with two components. A state
that is localized at the origin of the system, which we
assume is in one of the two sublattices (which we call A
sublattice), can be written as
|A〉 = 1√
Ncell
∑
k
eik·r
(
1
0
)
, (21)
where Ncell is the number of unit cells in the system. The
cell-periodic part of the Bloch states |u1(k)〉 and |u2(k)〉
form a complete set of basis for a given value of k. This
implies that, by writing |eA〉 ≡ (1, 0)T and |eB〉 ≡ (0, 1)T ,
there exists a unitary matrix
U(k) =
(
a1(k) a2(k)
b1(k) b2(k)
)
, (22)
for each value of k, which satisfies(|eA〉
|eB〉
)
= U(k)
(|u1(k)〉
|u2(k)〉
)
. (23)
Using the components of U(k), we can expand the state
|A〉 as
|A〉 = 1√
Ncell
∑
k
eik·r (a1(k)|u1(k)〉+ a2(k)|u2(k)〉) .
(24)
Similarly, the state which is localized in the other (B)
sublattice can be written as
|B〉 = 1√
Ncell
∑
k
eik·r
(
0
1
)
=
1√
Ncell
∑
k
eik·r (b1(k)|u1(k)〉+ b2(k)|u2(k)〉) .
(25)
We now prepare |A〉 as an initial state, project the state
onto the lower band, and consider time-evolution under
shaking as discussed in the main text. Let us denote the
projector to the lower band by P1. Then, the state after
the projection is
P1|A〉 = 1√
Ncell
∑
k
eik·ra1(k)|u1(k)〉. (26)
Consulting Eq. (19) of the main text, we see that the
integrated rate upon linear shaking along the x direction,
using P1|A〉 as the initial state, is
ΓintA,xˆ =
2piE2
~
1
Ncell
∑
k
|a1(k)|2gxx(k). (27)
Similarly, the integrated rate when we consider P1|B〉 as
the initial state is
ΓintB,xˆ =
2piE2
~
1
Ncell
∑
k
|b1(k)|2gxx(k). (28)
Since the matrix (22) is a unitary matrix, the relation
|a1(k)|2 + |b1(k)|2 = 1 holds. Then, the sum of the inte-
grated excitation probability is
ΓintA,xˆ + Γ
int
B,xˆ =
2piE2
~
1
Ncell
∑
k
gxx(k), (29)
where
∑
k gxx(k)/Ncell is nothing but the average of the
xx-component of the quantum metric over the Brillouin
zone. Thus, the uniform filling of a band can be simulated
by performing two set of measurements using states that
are localized on single sites.
